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Abstract
For the first time, some hypersingular nonlinear boundary-value problems with a
small parameter ε at the highest derivative are described. These problems essen-
tially (qualitatively and quantitatively) differ from the usual linear and quasilin-
ear singularly perturbed boundary-value problems and have the following unusual
properties:
(i) in hypersingular boundary-value problems, super thin boundary layers arise,
and the derivative at the boundary layer can have very large values of the order
of e1/ε and more (in standard problems with boundary layers, the derivative at the
boundary has the order of ε−1 or less);
(ii) in hypersingular boundary-value problems, the position of the boundary
layer is determined by the values of the unknown function at the boundaries (in
standard problems with boundary layers, the position of the boundary layer is
determined by coefficients of the given equation, and the values of the unknown
function at the boundaries do not play a role here);
(iii) hypersingular boundary-value problems do not admit a direct application
of the method of matched asymptotic expansions (without a preliminary nonlinear
point transformation of the equation under consideration).
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Examples of hypersingular nonlinear boundary-value problems with ODEs
and PDEs are given and their exact solutions are obtained. It is important to note
that the exact solutions presented in this paper can be used to compare the ef-
fectiveness of various methods of numerical integration of singularly perturbed
problems with boundary layers, and also to develop new numerical and approxi-
mate analytical methods.
Keywords: hypersingular boundary-value problems, differential equations with a
small parameter, nonlinear boundary-value problems, boundary layers,
linearization and exact solutions
1. Introduction
Singularly perturbed boundary-value problems with a small parameter at the
highest derivative are often encountered in hydro- and aerodynamics, theory of
mass and heat transfer, theory of elasticity, nonlinear mechanics and other appli-
cations. An important qualitative feature of singular boundary-value problems is
that for the zero value of a small parameter the order of the differential equation
under consideration decreases and some parts of the boundary conditions cannot
be satisfied. Various problems and solution methods for ODEs and PDEs with a
small parameter at the highest derivative are described, for example, in [1–13].
For singularly perturbed quasilinear boundary-value problems of the form
εy′′xx + py
′
x + q(x, y) = 0 (0 < x < 1); y(0) = α, y(1) = β (1)
with a small parameter ε, the position of the boundary layer is determined by
the sign of the coefficient p. For p > 0, the boundary layer is formed at the
left boundary near the point x = 0, for p < 0, at the right boundary near the
point x = 1. An analogous situation holds for more complex singularly perturbed
quasilinear boundary-value problems of the form (1) with p = p(x).
We note that for p > 0 and ε → 0 the derivative of the solution of the prob-
lem (1) takes large values proportional to ε−1 on the left boundary.
In this article we will consider hypersingular boundary-value problems with
a small parameter, the solutions of which qualitatively and quantitatively differ
from the solutions of the problems (1).
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2. Hypersingular boundary-value problems for ordinary differential
equations with a small parameter
2.1. Example of hypersingular boundary-value problem. Exact solution,
qualitative features
Problem 1. Consider the nonlinear boundary-value problem
εy′′xx + p(y
′
x)
2 + qy′x = 0; (2)
y(0) = α, y(1) = β. (3)
In what follows, we assume that p > 0, q > 0 and ε > 0 is a small parameter.
Equation (2) admits an exact linearization by means of the transformation y =
(ε/p) lnu (see also Section 2.2). Its general solution is determined by the formula
y =
ε
p
ln(C1 + C2e
−qx/ε), (4)
where C1 and C2 are arbitrary constants.
The exact solution of the boundary-value problem (2)–(3) has the form
y =
ε
p
ln
[
(eαp/ε − eβp/ε)e−qx/ε + eβp/ε − e(αp−q)/ε
1− e−q/ε
]
. (5)
Let us find the derivatives on the left and right boundaries:
y′x|x=0 =
q
p
e(β−α)p/ε − 1
1− e−q/ε , y
′
x|x=1 =
q
p
1− e(α−β)p/ε
eq/ε − 1 . (6)
The analysis shows that, depending on the values of the parameters α and β
(as ε→ 0), the following three qualitatively different situations are possible:
(i) β > α (there is a boundary layer on the left, near x=0);
(ii) β < α− (q/p) (there is a boundary layer on the right, near x=1); (7)
(iii) α−(q/p) ≤ β ≤ α (there is no boundary layer).
On the line β = α, the problem (2)–(3) has the trivial solution y = α, and
on the line β = α − (q/p) it has the linear solution y = α − (q/p)x (both these
solutions are degenerate and do not depend on ε). It is seen from (7) that the po-
sition of the boundary layer (or its absence) in the problem under consideration is
determined by the boundary values α and β, which is qualitatively different from
Figure 1: a) Curves constructed using formula (5) for p = q = 1 and ε = 0.1 for α = 0, β = 2
(solid line); α = 2, β = 0 (dashed line); α = 1, β = 1/2 (dash-dotted line); b) regions in the
plane of the parameters α, β with qualitatively different types of solutions of the problem (2)–(3).
the situation typical for standard problems with a boundary layer (see Section 1),
where the boundary conditions do not affect the position of the boundary layer.
Fig. 1a represents the curves describing the exact solutions of the problem (2)–
(3) and corresponding to the three different cases in (7); they are constructed ac-
cording to the formula (5) for p = q = 1 and ε = 0.1 and are depicted by the solid
line for α = 1, β = 1/2; by the dashed line for α = 2, β = 0; by the dash-dotted
line for α = 1, β = 1/2. Fig. 1b represents the plane of the parameters α, β,
in which the parts of the plane defining three qualitatively different types of the
solutions of the problem (2)–(3) and satisfying the inequalities (i), (ii), (iii) in (7)
for p = q = 1 are shaded in different ways; these parts of the plane are delimited
by the straight lines β = α and β = α − 1, which correspond to the degenerate
solutions.
We set p = q = 1, α = 0, β = 1 in (2)–(3). It follows from the first relation (6)
that even for moderately small ε = 1
10
the derivative reaches extremely large
values y′x|x=0 ≃ e1/ε ≈ 22026.442 on the left boundary, which corresponds to
the hyperfine (hypersingular) boundary layer. For comparison, we note that in the
problem (2)–(3) for p = q = 1, α = 0, β = 1, ε = 1
20
the derivative on the left
boundary will be larger than the derivative on the left boundary in the problem (1)
for p = 1, q(x, y) = y, α = 0, β = 1, ε = 10−8.
Similar problems differ fundamentally from the classical problems with a
boundary layer (in which the derivative at the boundary is of the order of ε−1
or less) and no such problems have been encountered in the literature (see, for
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example, [1–11]). At the present time, there are no effective numerical meth-
ods that allow directly (without a preliminary nonlinear point transformation of
the given equation) to consider such hypersingular problems even for moderately
small ε ≃ 1
50
and, especially, for smaller values of ε.
Remark 1. A qualitatively similar situation occurs for a hypersingular boundary-
value problem described by the equation εy′′xx + (y
′
x)
2 − 1 = 0 with the boundary condi-
tions (3).
Remark 2. Equation (2) describes a family of the traveling wave exact solutions of
the potential Burgers equation ut+u
2
z = εuzz [14], in which we have to set u = −py(x),
where x = z − qt.
Remark 3. Differential equation (2) do not satisfy the Painleve´ test [15, 16].
2.2. Two classes of hypersingular problems admitting linearization
Problem 2. We consider the nonlinear boundary-value problem with a small
parameter
εy′′xx + p(y
′
x)
2 + q(x)y′x + r(x) = 0; y(0) = α, y(1) = β, (8)
which generalizes the problem (2)–(3) and contains two arbitrary functions q(x),
r(x) and the constant p.
The substitution y = (ε/p) lnu reduces the problem (8) to the linear problem:
ε2u′′xx + εq(x)u
′
x + pr(x)u = 0; u(0) = A, u(1) = B, (9)
where A = eαp/ε and B = eβp/ε.
If q(x) = const and r(x) = const, then we can obtain the exact solution of the
problem (9). If q and/or r are not constants, then to obtain an approximate solution
as ε→ 0 we can use the method of matched asymptotic expansions [1–5, 7].
Remark 4. The problem (8), as well as the problem (2)–(3), does not allow a direct
application of the method of matched asymptotic expansions (without a preliminary non-
linear point transformation of the equation under consideration), since the second term
of this equation remains dominant over the first term with any change in the scale of the
independent variable by means of the substitution x = kx¯, where k = k(ε).
Problem 3. The nonlinear boundary-value problem with a small parameter
εy′′xx + p(y)(y
′
x)
2 + q(x)y′x = 0; y(0) = α, y(1) = β, (10)
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containing two arbitrary functions p(y) and q(x), with the substitution
u = P (y), P (y) =
∫ y
0
exp
[
1
ε
∫ z
0
p(ξ) dξ
]
dz, (11)
reduces to the linear problem
εu′′xx + q(x)u
′
x = 0; u(0) = P (α), u(1) = P (β), (12)
that is easily integrable.
In particular, for q = const, by using the transformation (11) and equation (12),
we obtain the solution of the problem (10) in an implicit form
P (y) =
P (β)− P (α)e−q/ε
1− e−q/ε +
P (α)− P (β)
1− e−q/ε e
−qx/ε. (13)
Differentiating (13), we find the derivative on the left boundary:
y′x
∣∣
x=0
=
q
ε
P (β)− P (α)
P ′y(α)(1− e−q/ε)
=
q
ε
P (β)− P (α)
(1− e−q/ε) exp
[
−1
ε
∫ α
0
p(ξ) dξ
]
. (14)
Remark 5. In the problem (10) and the formulas (11), (13)–(14), the functions p(y)
and q(x) may also depend on the small parameter ε.
Example. We consider the problem (10) for p(y) = ey + ε, q(x) = 1, β > 0,
α = 0 (ε → 0). Substituting these functions and constants in (14), we obtain a
very large derivative on the boundary
y′x
∣∣
x=0
=
1
1− e−1/ε
[
exp
(
eβ − 1
ε
)
− 1
]
≃ exp
(
eβ − 1
ε
)
. (15)
In this problem, the hypersingular boundary layer is more thin than in the problem
(2)–(3) for p = q = 1.
3. Hypersingular boundary-value problems for partial differential equations
3.1. Example of a hypersingular boundary-value problem. Exact solution
Problem 4. We consider the initial-boundary value problem with a small pa-
rameter for the potential Burgers equation [14]:
wt = εwxx + w
2
x (t > 0, x > 0); w(0, t) = α, w(x, 0) = β. (16)
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This problem has a self-similar solution of the form
w = W (z), z = xt−1/2, (17)
where the functionW (z) is described by the ordinary differential equation
εW ′′zz + (W
′
z)
2 + 1
2
zW ′z = 0; W (0) = α, W (∞) = β, (18)
which belongs to the class of equations (8) and admits linearization by the substi-
tutionW = ε lnu.
The exact solution of the problem (18) is expressed in terms of the error func-
tion (probability integral):
W = ε ln
[
(eβ/ε − eα/ε)erf
(
z
2
√
ε
)
+ eα/ε
]
, erf(ξ) =
2√
pi
∫ ξ
0
exp
(−ζ2) dζ.
(19)
Calculating the derivative on the left boundary, we have
W ′z|z=0 =
√
ε/pi
[
e(β−α)/ε − 1]. (20)
For β > α and ε → 0, the boundary layer near x = 0 has a hypersingular
character, and for β ≥ α there is no boundary layer.
3.2. Two classes of hypersingular problems admitting linearization
Problem 5. We consider a stationary hypersingular boundary-value problem
with a small parameter for the partial differential equation of elliptic type:
ε∆w + p|∇w|2 + q(x) · ∇w + r(x) = 0, x ∈ V ; w|∂V1 = α, w|∂V2 = β.
(21)
Here ∆ is the Laplace operator; ∇ is the Hamilton operator (gradient operator);
α, β, p are constants, x = (x1, . . . , xn); q = q(x) and r = r(x) 6≡ 0 are given
functions, V is an open domain bounded by the surfaces ∂V1 and ∂V2.
The substitution w = (ε/p) lnu reduces the problem (21) to the linear prob-
lem:
ε2∆u+ εq(x) · ∇u+ pr(x)u = 0, x ∈ V ; w|∂V1 = A, w|∂V2 = B, (22)
where A = eαp/ε and B = eβp/ε.
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Remark 6. The partial differential equation of parabolic type
wt = ε∆w + p|∇w|2 + q(x, t) · ∇w + r(x, t)
is also linearized by the substitution w = (ε/p) ln u.
Problem 6. The nonlinear boundary-value problem
ε∆w + p(w)|∇w|2 + q(x, w) · ∇w = 0, x ∈ V ; w∣∣
∂V1
= α, w
∣∣
∂V2
= β,
with the substitution u = P (w), where the function P (w) is defined in (11),
reduces to a linear problem.
4. Brief conclusions
For the first time, hypersingular nonlinear boundary-value problems with a
small parameter ε are described, in which hyperfine boundary layers arise and a
solution on the boundary of the layer has a very large derivative of the order of
e1/ε and more (in standard problems with boundary layers, the derivative on the
boundary is of the order of ε−1 or less). Exact solutions of some hypersingular
boundary-value problems for ODEs and PDEs are obtained.
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